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A software tool to model genetic regulatory networks.
(More details in the tutorial on Computational Biology)

*The calibration of a pattern formation model in Drosophila early
development --- parameter determination by a swarm technigue.
Non-determinancy of parameters.

«Evolutionary computation techniques (multi-objective) to calibrate the
parameters of a morphogenesis model of Drosophila early development.
Pareto fronts. Non-unicity of parameter solutions.

*Making predictions about protein regulation.



A software tool to model genetic regulatory networks. Applications to the modeling
of threshold phenomena and of spatial patterning in Drosophila.

R. Dildo and D. Muraro, PL0oS ONE, 5 (5) (2010) 1-10 (e10743).

We present a general methodology in order to build mathematical models of genetic
regulatory networks. This approach is based on the mass action law and on the Jacob and
Monod operon model.

--- The mathematical models are built symbolically by Mathematica software package
GeneticNetworks. This package accepts as input the interaction graphs of the transcriptional
activators and repressors and, as output, gives the mathematical model in the form of a
system of ordinary differential equations. All the relevant biological parameters are chosen
automatically by the software.

--- We show that threshold effects in biology emerge from the catalytic properties of genes
and its associated conservation laws.

---We show that spatial patterning in embryology can be obtained as a dynamic threshold
effect.



To develop a computational and an analytical tool
to analyse regulatory networks, enabling
the calibration with biological parameters and protein

concentrations.
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The mass action law

An ensemble of m chemicals A; that react in a media according to the
mechanisms:

vA++v, A —SuA+-+u A i=1...,n

~ There are m chemicals and n reactions. Assuming a well stirred media,
°~L7 and that the chemicals have a Brownian type motion, we have the reaction
evolution laws:

da,
a=[A d—;:Zri(ﬂij_Vij)alvil'”arl;im J=1...,m

dA Vi1 v V1 1% . . .
E:Fa) o= --am,. ., --am) [ isa nxm matrix, with rank r
m
Conservation laws: Z Oy Ak = al | = 1, . m=r
k=1



The microscopic mechanism associated with the mass action law
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Transcriptomics -- cis-regulation of gene expression

F. Alves and R. Dildo, A simple framework to describe the regulation of gene expression in prokaryotes, Comptes Rendus - Biologies, 328 (2005)
429-444,

This approach is based on the operon model (Jacob and Monod, 1961) as a paradigm
of genetic regulation in bacteria.
Activators: transcriptional activators

a) b) Repressors: transcriptional repressors
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or
regulator sites
Model assumptions:
*Genes are considered templates for protein production.

*Transcriptional and translational mechanisms are described by one overall rate constant.
*\We only consider bi-molecular mass action law, (no ad-hoc regulatory functions in
intermediate
states like Michaelis-Menton type functional forms).

*Regulation (activation, repression, competition) occurs only through the binding sites.

Choices:
«To make, ab initio, the mathematical framework as simple as possible in such a way that
any regulatory genetic network can be described in this framework.
*We don't want to introduce had hoc threshold effects (at the end we will have dynam%c
threshold effects).
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Regulation of gene expression
Transcription l
mMRNA
Free protein production: Transiation l
basic model
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Dynamic threshold effects and conservation laws

Self-activati Ly :
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Initial condition

F. Alves and R. Dildo, Comptes Rendus - Biologies, 328 (2005) 429-444.



Spatial patterning without diffusion

Spatial patterning obtained without
diffusion (dynamic thresholds)
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model

(biological) input
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Software

R. Alves-Pires, R. Dilao and D. Muraro, Kinetics: A Mathematica© Package to calculate
and to analyze the equations of chemical kinetics.

R. Dildo and D. Muraro, GeneticNetworks: A Mathematica© Package for the modeling
and simulation of Genetic Regulatory Networks.

Download:
https://sd.ist.utl.pt/Download/download.html/GeneticNetworks.zip
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MRNA diffusion explains protein gradients in Drosophila early development

R. Dildo and D. Muraro, Journal of Theoretical Biology, 264 (2010) 847-853, doi:10.1016/j.jtbi.2010.03.012.

We propose a new model describing the production and the establishment of the stable gradient of the
Bicoid protein along the antero-posterior axis of the embryo of Drosophila. In this model, we consider
that bicoid mRNA diffuses along the antero-posterior axis of the embryo and the protein is produced in
the ribosomes localized near the syncytial nuclei. Bicoid protein stays localized near the syncytial nuclei as
observed in experiments.

We calibrate the parameters of the mathematical model with experimental data taken during the cleavage
stages 11 to 14 of the developing embryo of Drosophila.

--- We obtain good agreement between the experimental and the model gradients, with relative errors in
the range 5-8%.

--- The inferred diffusion coefficient of bicoid mMRNA is in the range 4.6 10-%>-1.5 10"' m?s1, in agreement
with the theoretical predictions and experimental measurements for the diffusion of macromolecules in the
cytoplasm.

I The model based on the mRNA diffusion hypothesis is consistent with the known observational data,

supporting the recent experimental findings of the gradient of bicoid mMRNA in Drosophila [Spirov et al.
(2009) Development 136:605-614].

11
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Cleavage cycle 11 (ab18 |

Cleavage cycle 13 (ab12)

Cleavage cycle 12 (ab17) |

In cleavage cycles 11, 12, 13 and
14, images show that the Bicoid
protein is localised near the
nucleus.

Bicoid protein do not diffuse!
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Experimental evidence of mRNA diffusion:

Develogment 136, 05-614 Q009) dor 101208 (51195

Formation of the bicoid morphogen gradient: an mRNA
gradient dictates the protein gradient

Alexander Spirov', Khalid Fahmy>*, Martina Schneider®’, Erich Frel’, Markus Noll** and
Stefan Baumgartner??

(2009)
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Cha, et al., Cell (2001),”saltatory movements in injected mRNA bicoid with dispersion but
without localization®.

Forrest and Gavis, Curr. Biol. (2003), “mRNA nanos has diffusive like behaviour”. 14



MRNA diffusion model:

a

R _ dR+ D O°R
d OB _aR flux
MRNA — ot
a/ d is the number o protein
molecules produced by mRNA molecule
bicoid mRNA initial condition:
A>0 if 0<b<z<é <L
R(x,t=0)=
0 otherwise
Bicoid protein steady state:
2 I . Ez . E1
Beq(:c] = Qm CDShl:[le} (Slﬂh(ﬁffzf} — Slﬂh{'ﬁgf})
/5] —ae r —a Ay
Y +—2 (e az{z+)/L e az(x4€s)/L + I(x
B, (X) = a, . ;Ll) + 2aJZ:: 1n3”3 (:os(mljx)[!:‘.in(mlz_l_2 ) 7sin(n7rLL’)) 2 ( ) ( }
aq (6_“"”':"'51_1”5 - e_“(frﬂﬁ) /2, if ©r<¥
I(z) = q ay — % (el y gmaxt=a)/L) - if {) <z <4
ay (€72 0)E _ gmaale=t)/L) y9 © if g > ¢,

Parameters to be determined from
the experimental data.

Free parameters: L and D

a , L’

a = A—, a =d—, ¢, /£,
D

D The model depends on 7 parameters

The solution depends on 4 parameters 15



Fitting the mRNA diffusion model with the experimental data for protein
gradients --- calibration and validation of the model
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Ad-hoc parameter values:
D =107 m?s!

L=05x10"3%m
Non-determinancy of parameters.

bicoid mRNA

Table 1: Fitted model parameters for the protein Bicoid antero-posterior dis-

tributions
a; ay 4/L fL/L|+/x2/B%,., n d(st)  Aa(é,—£)/L
a) abl8 (11) 3452 469 0.03 0.20 0.06 30 |88 x10* 5.2 x 107
b) abl7 (12) 8944 450 0.06 0.14 0.06 70 | 8.1x10°* 58 %1072
¢) abl6 (13) 684.2 5.51 0.06 0.15 0.08 152 | 1.2x10°® T4%x10°?
d) abl2 (14-1) | 9276 482 0.06 0.14 0.08 309 |9.2x 107 6.8%x 1072
e) abld (14-2) | 34147 438 0.05 0.07 0.08 314 | 7.7 x 10¢ 5.3 x 1072
f) ab9 (14-3) | 11916 439 0.05 0.10 0.07 343 | 7.7 x 10 4.6 x 1072
g) adl3 (14-4) | 4704 3.02 0.06 0.19 0.05 324 | 36x%x 107 2.2x%x 1072
h) ab8 (14-5) |3271.7 425 0.08 0.09 0.07 332 | 72x 107 2.4 %1072

Fits with a swarm algorithm.

5% - 8%

Mean relative error between
experimental and theoretical predictions:

16



Parameter swarming
(slow convergence)

43 Bicoid(b)fCaugfaIsElevenfSkiEEdsrl
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ab8 14A 5 even-skipped caudal bicoid i )
X: 63.04348  y: 125.00000 ﬁ - J

Swarm rule: the randomly chosen I
parameter is updated only if the fitness function decreases.

(There are other techniques for parameter estimation, specifically 17
suited for ill defied problems: Covariance Matrix Adaptation Evolutionary Strategy )



Validation of a morphogenesis model of Drosophila early development by a multi-
objective evolutionary optimization algorithm

R. Diléo, D. Muraro, M. Nicolau and M. Schoenauer,
In C. Pizzuti, M.D. Ritchie, and M. Giacobini (Eds.): EvoBIO 2009, Lecture Notes in Computer Science
5483, pp. 176-190, 2009.

Best Paper Nomination EvoBI102009.

We apply evolutionary computation to calibrate the parameters of a morphogenesis model of Drosophila
early development.

The model aims to describe the establishment of the steady gradients of Bicoid and Caudal proteins along
the antero-posterior axis of the embryo of Drosophila.

The model equations consist of a system of non-linear parabolic partial differential equations (PDE) with
initial and zero flux boundary conditions.

--- We compare the results of single- and multi-objective variants of the CMA-ES algorithm for the model
calibration with the experimental data. Whereas the multi-objective algorithm computes a full
approximation of the Pareto front, repeated runs of the single-objective algorithm give solutions that
dominate (in the Pareto sense) the results of the multi-objective approach. We retain as best solutions those
found by the latter technique.

--- From the biological point of view, all such solutions are all equally acceptable, and for our test cases, the
relative error between the experimental data and validated model solutions on the Pareto front are in the
range 3%0-6%o.

--- This technique is general and can be used as a generic tool for parameter calibration problems. 18



Further developments of the mRNA diffusion model with a
multiobjective approach --- Pareto optimality.

Embryo Name: ab18 Cleavage cycle 11

Bicoid: blue Even-Skipped: red Caudal: green

Embryo Name: ab17 Cleavage cycle 12

Bicoid: blue Even-Skipped:red Caudal: green

Embryo Name: ab16 Cleavage cycle 13

Bicoid: blue Even-Skipped: red Caudal: green

Embryo Name: ab12 Cleavage cycle 14A-1

Bicoid: blue Even-Skipped: red Caudal: green

Embryo Name: ab14 Cleavage cycle 14A-2

Bicoid: blue Even-Skipped: red Caudal: green

Embryo Name: ab9 Cleavage cycle 14A-3

Bicoid: blue Even-Skipped: red Caudal: green

Embryo Name: ad13 Cleavage cycle 14A-4

Bicoid: blue Even-Skipped: red Caudal: green

Embryo Name: ab8 Cleavage cycle 14A-5

Bicoid: blue Even-Skipped: red Caudal: green

19



Initial distribution of MRNA

B>0 if0<Li<xr<Llo<L

0, otherwise
cad(z,t = 0) = C >0 f0<Lly<ax<Ly<L
' 0, otherwise
w0 S )
matemal { B;:n”* \ --------- TOR
Diffusion of Bicoid mRNA - W
“““““ k\‘ \(\\“?‘z\
. - i X" [ W/ (2}
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\ 5 = Ggeqcad(x)

How to calibrate the parameters with the experimental data?
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Pareto Optimization

Multi-objective optimization problem

® to find the set of parameters (N) that minimizes the
objective (fitness) function

f=0f.. fu): XcRY - RY

Parameters space (compact set)
® the parameters are sampled in a compact search space

Fitness functions ® we consider two objectives: the
, ; fitness of Bicoid and the fitness of
fl(;r]' — ||B(_D(J}I — BC'DE.,TJJ{;E)”:? Caudal

fo(x) = |CAD(2) — CADepp ()2 .



Comparison of Goals

solutions _ S
® to find a good approximaximation
® the solutions are selected to the Pareto set
according to the dominance Pareto set = {x|lre XN At e X 1T < ]
criterium

r € X dominates 7 € X (x < z)if © todistribute the solutions as
- ) ) uniformly as possible on the
vme{l,...,M}: fn(x) < fr(Z)A Pareto front

Im - { 1._, Caay JI} : fm (T) < fm (f) Pareto front .= {f(z)[r € Xn A e X . T <1}

fy

N

Dominate
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Fitness functions

2 :
fl(X) = ()( —]_) +1 The soIL_ltlons on the Pareto front_ are
not dominated by any other solutions.
f (X) _ (X _ 2)2 + 1 So, from the parametric point of view,
2 o any solution of the Pareto set is
admissible.
f
5
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4 ’ : .
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La T63-10°T7.74- 10" F[R.45 - 10~ [8.45 - 10~ Y848 - 10~ T[8.15 - 10~ T[0.42 - 101
I - B 1.53- 10°[1.88 - 10°M5[3.47 - 10M%]2.36 - 10M7]1.08 - 10226 - 10P3]0.73 - 107°
paral I Ieter SO utlons o 1.06- 10F5[1.08 - 10°5[1.26 - 10H%]1.28 - 10M¥]1.28 - 1019 - 103]0.11 - 10+F
Dieg  [100- 1075108 - 10~ %[1.98 - 10~ %[2.03 - 10~5[2.04 - 10~ 7[1.63 - 10~ "[0.53 - 10—~
D,z [1.00-107%1.00- 107 %[1L.00- 10~ %100 - 10~ %100 - 10~ *[1.00 - 10~ %[0.00 - 10— F
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degd | 2.99- 10779048 10 [9.00 - 107 9.00 - 1077 ]0.09 - 10000 - 10™7[3.06 - 1071
r 2.64- 107%)6.74 - 107M°[3.34 - 10~ %[5.74 - 10~ F[6.71 - 10~ [3.07 - 10™7]4.26 - 10F¢
[terations|9.84 - 1072]9.70 - 10H°[9.37 - 10°[9.35 - 10+°[0.36 - 10 [0.54 - 10M2]0.25 - 10+¢

Table 1. Parameter values for the five best non-dominated solutions of model equations
(3), obtained with the CMA algorithm, for the experimental data set of Figure 1c). In Fig-
ure 5, we show this data set together with the solutions of equations (3) for the parameter
values a-o. All the different choices of these parameter values are calibrated candidates of
the experimental data set. We also show, for each parameter, the mean value (mean) and

the standard deviation (o) taken on the Pareto front.
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Pareto front for the Bicoid-Caudal multiobjective optimization

Fitness Caudal

CMA and MOCMA solutions

100 co e
de
90}
8OF \\
. \ d .
CMA N ' .
\\ . best non dominated set
. \ l + b ay (MOCMA)
704 L o g En
. C b a
28.5 290 295 30.0 30.5 31.0

Fitness Bicoid
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Picture a: best fit for Bicoid and worst for Caudal.
Picture i: best fit for Caudal and worst for Bicoid.
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Pareto front
x-axis: fitness of bicoid
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Fitness values: h

Fitness values: 1
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Calibration and validation of a genetic regulatory network model describing the
production of the protein Hunchback in Drosophila early development.

R. Dilao and D. Muraro, 2010, submitted.

---We fit the parameters of a differential equations model describing the production of gap gene proteins
Hunchback and Knirps along the antero-posterior axis of the embryo of Drosophila.

As initial data for the differential equations model, we take the antero-posterior distribution of

the proteins Bicoid, Hunchback and Tailless at the beginning of cleavage cycle 14.

--- We calibrate and validate the model with experimental data using single- and multi-objective
evolutionary optimization techniques. In the multi-objective optimization technique, we compute the
associated Pareto fronts.

--- We analyze the cross regulation mechanism between the gap-genes protein pair Hunchback-Knirps and
we show that the posterior distribution of Hunchback follow the experimental data if Hunchback is
negatively regulated by the Huckebein protein. (Experimentaly supported).

I This approach enables to predict the posterior localization on the embryo of the protein Huckebein, and
we validate with the experimental data the genetic regulatory network responsible for the antero-posterior
distribution of the gap gene protein Hunchback.

I We discuss the importance of Pareto multi-objective optimization techniques in the calibration and
validation of biological models (evolutionary selection).

28



250
200}
150F
100

50

matemal

bed hb
BCD—>»HB
KNIE——TLL
Iyea(z) =
g T ; Ly i L
BCD,,(x) = S ey cosh (EQE](SIII}] (EQT) — sinh (azf)) Ihp(z) =
. %(e_az{nmﬂi _ gaalztls W‘) + Tpea ()
HB, (r) = 2— =2 h{ E)('h{ %)_'h( E))
eqglT) = 2oL _ ]_C‘ﬂIS fa L S L B L
+ %(e-m{ﬁnhw _ e‘“"{IJ"““}’fL] + Ins(z) lanlz) =
_ as Ty Nay N
TLL(z) = 252 ——cosh {EEE)(Smh {usf) — sinh {ﬂef))
N %5(6—::9{:+NL”L — e_uai"-'_NzwL) + Tan(x)
N N
+ 2y oosh (au ) (sinh (as?) —sinh (aa 7)) e
N %T(e—::a{x+Ns:lfL _ e-"8i=+”*3f‘i] + Iagn(z)
140
120f
100}
HB
80F
60
40
LTI - 20
N L L 2 A 0 - F
20 20 60 20 100 0 20 40 60 80

100

ay — 5‘21—(3

gzi_[:e—uzCr—Lz],rL _ E—u-:(r—Li);L)

ag — eza(e—mx—nnm N B-udcnr,_xm)

"__f.(e—ﬂafl'—ﬂfz].fﬂ - e—...cr_m,m)‘

" %(E—u‘chl—l]fL _ E—E‘J(LQ—J}IIL) i

—ag(z—L41)/L 1 B_DE(LQ_I)’(L)

i “_‘f-(e_udcﬂfl_l].'ri- _ eoa(Ma—z)/LY

- %—(E—uale—:]jL _ g—ﬂB(N’I—I),I'L)

5

ai—f':?. B_“G(I—NL}'}'L +B—aa{Ng—.:J_,|’L ,

sﬁ;(e—uatr—mm _ B—ns(:—Nlj;’L),

- Ellt(e_uacN:—x]fL _ B—ﬂg(N‘—r),(L}J

ar — %(B—aa(:—N:)fL + E—EB{NJ —:jfL),

*.g_(e—uat:—mm — B—na(:—Ng);’L)J

if r < Ly
if Ii <z < Ly

ifx > Lo

itz < M,
if ﬂJl <r= ﬂ-irg

if = > My

if < Ny
ifNi<z< N

if z > Ny

if = < N
if Ny <2< Ny

if z > Ny

200}

150}

100}

50

TLL

s

20

40

60

80 29 100




wwwww

bed hb

BCD—»HB

Y

KNI——-"TLL

Calibration of the Hunchback-Knirps

gap gene proteins

with the mRNA diffusion hypothesis
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HE' [t] = -HB[t] dg + (P5P) , HBGT [t] + (PERE),p HBRmz(t] - HB[t] knip, KNI§ o[t] -
HB[t] kniy, KNIF®G[t] - HB[t] knip, KNI gpp[t] - HB[t] knip, KNI§ 3 (€] +
kni_pp K-NIEIB, o [£] +kni_yy KNIpE o [t] + kni_py KNIEIB, oo (€] + kni p, KNIEE (€]
KNI [t] == —KNI[t] dgyr - KNI[t] hb, , HB] [t] - KNI[t] hb, , HEE“P[t] + hb_, , HB} [t] + hb , , HEED[£] +
BCD

{ BD {BCD BCD (L BCD BCD { BD \ BCD
(P60 oy FNL0, 0 [E] + ([P0, 7rr ) jorr K90, s [E] + (PEE 0 ) jqr ¥ Ium, 0 [E] + (PEE, 1L ) g ¥ Tmm, o [E]

(HBg) [t] = - BCD hbpeq HBg [£] - KNI[t] hbyyy HBg[€] +hb_poq HBG™ [£] + hb_ypy HBpyp [E]
|:HEECD}’[1:] == BCD hbypeq HB) [t] - hb_peq HBEP[£] - KNI[t] hby,; HEEU[t] + hb_,,; HEERD [t]
(HBgwr) [t] = KNI[t] hby,, HBy[t] - BCD hbpog HBgyy [£] - hb ., HBgyr [£] +hb_poq HBgp (€]
bed hb (HBfwt) [t] = KNI[t] hby, HB§"[t] + BCD hby.q HBgyy [t] - hb_peq HBRyr [t] - hb_,, HBEr [t]
(KNIJ o) [t] = -BCDknipeq KNIp ([t] - HB[t] knip, KNIg [t] -

TLL knie1g KNIg o[t] + kni peq KNIESD [£] + kni pqg KNIJ g [€] + kni g KNI o [t]

BCD » HB (KNIGD) [t] = BCD knipoq KNIp o [t] - kni_peq KNIZ D [E] -
HB[t] knip, KNI [£] - TLL knieyy KNIZD [£] + kni_eqy KNIETR [t] + kni_py KNIED [t]
Y / (KNI grp) [€] = TLL knigry KNIQ o[€] - BCD knipeq KNIJ oy [E] -
KNI TLL HB[t] knimp KNIQ gy (t] - kni_g1y KNIQ qpp [t] + knipea KNIE R, [£] + kni e KNIgg qpp[t]

(KNI§Tr.) [t] = TLL kniey; KNIPSD [£] + BCD knipeq KNIQ gy [E] -

kni_peq KNI Py, [£] - HB[t] knip KNIZ®R (€] - kni_e1q KNIZSD (€] + kni_yp KNI (€]
(KNIgg o) [t] = HB[t] knip, KNI{ ;[t] - BCD knipea KNIgg o[t] -

kni_pp KNIgp o [t] - TLL knipq; KNIgg o[t] + kni_peq KNI, (€] + kni_y11 KNIgg qpp[t]

i1

(KNIEE®, ) [t] = HB[t] knip, KNIED [£] + BCD knipeq KNIgg o[t] -

kni-pea KNIgg o [t] - kni_nn KNIgg o[t] - TLL kniey KNI , [t] + knioe11n KNI g [t]
(KNIfp ) [t] = HB[t] knip, KNI{ o [t] + TLLknicyy KNIg, ([t] -

BCD knipeq KNIy g [t] - kni g KNIEIB,TLL [t] -kni i1 KNIEIB,TLL [t] +kni peq KNIEE]?TLL [t]
(KNIgg o) [t] = HB[t] knim KNIG orp (€] + TLL knicin KNIgg o [£] +

BCD knipeq KNI qpp [£] - knd_peq KNIE oo [£] - knd KNIEE?TLL [t] -kni_ i1 KNIE%]?TLL [t]

31



Calibration of the Hunchback-Knirps and Huckebein

e gap gene proteins
= (b with the mRNA diffusion hypothesis
- 1 instantiation of the Pareto front
300 p—————————————————— .
bcd hb ] Maternal phase

MRNA diffusion

BCD—»HBI—HKB TTTT '
200 T HKB ': gap gene phase
J Tr : NO diffusion
b ! pure mass action
150 I approach
KNI—TLL Il : emergent thresholds
100
14 equations S
23 (42) free parameters 50
Dynamic pattern: 29 seconds
after 14A.
0
0 20 40 60 80 100
Pareto front for the pair HB-KNI-HKB 0,600 Embryo length, L
0.595} ° ]
- 0ass] X | Prediction of the
"% 0580} *, - . - -
os1s| e | HKB distribution
0.570 el L. .
03637702 03 04 05 06 07 08 32

2
XHB



Thank you

33



