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Mathema:cal	
  and	
  Computer	
  
	
  Modelling	
  of	
  Biosystems	
  

– Nonlinear	
   differen>al	
   equa>ons	
   (popula>on-­‐based	
  
models)	
  	
  
•  popula>on	
  dynamics	
  models	
  (Malthus,	
  Verhulst)	
  	
  	
  
•  ecological	
  models	
  (Lotka-­‐Volterra)	
  	
  
•  epidemics	
  models	
  (Kermack	
  and	
  Mc.	
  Kendrick)	
  

– Cellular	
   automata	
   (individual-­‐based	
   models)	
   –	
   Von	
  
Neumann	
  and	
  Ulam	
  

– Complex	
  networks	
   (based	
  on	
  graph	
  theory)	
  –	
  Barabasi-­‐
Albert,	
  Wa[s-­‐Strogatz	
  models	
  

– Data	
  mining	
  (genome	
  project)	
  –	
  Watson	
  and	
  Crick	
  



Interdisciplinary	
  Approach	
  

•  Biomathema>cs	
  

•  Biosta>s>cs	
  
•  Physical	
  Biology	
  
•  Computa>onal	
  Biology	
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•   Introduc>on	
  –	
  complex	
  networks	
  

• 	
  	
  Fundamental	
  concepts	
  

• 	
  Neighborhood	
  matrices	
  

• 	
  Distance	
  between	
  networks	
  
• 	
  Iden>fying	
  community	
  structure	
  

• 	
  	
  Applica>on	
  in	
  	
  Biology	
  
• 	
  Protein	
  similarity	
  networks	
  

• 	
  The	
  computa>onal	
  methodology	
  

• 	
  	
  Concluding	
  remarks	
  

Outline	
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Complex	
  Networks	
  

–  The	
   regular	
   and	
   random	
  networks	
   are	
  not	
   suitable	
   to	
  describe	
  
some	
   biological	
   and	
   social	
   networks.	
   In	
   the	
   last	
   20	
   years,	
  
complex	
  networks,	
  neither	
  regular	
  nor	
  random,	
  were	
  proposed	
  
and	
  applied	
  to	
  real	
  systems.	
  

–  The	
   concepts	
   of	
   Graph	
   Theory	
   and,	
   more	
   recently,	
   Sta>s>cal	
  
Physics	
   are	
   used	
   to	
   study	
   complex	
   networks,	
   comparing	
   with	
  	
  
regular	
  and	
  random	
  networks.	
  	
  

–  Iden>fica>on	
   of	
   community	
   structure	
   is	
   a	
   hot	
   topic	
   in	
   the	
  
context	
   of	
   complex	
   networks.	
   It	
   is	
   par>cularly	
   relevant	
   for	
  
biological	
  networks.	
  

–  In	
   this	
   talk,	
   we	
   present	
   and	
   analyse	
   a	
   neighborhood	
   matrix	
  
representa>on	
  of	
  network	
  and	
  its	
  computa>onal	
  powerful	
  to	
  its	
  
characteriza>on.	
  We	
  apply	
   this	
   concept	
   to	
  phylogen>c	
   analysis	
  
based	
  on	
  protein	
  similarity	
  networks.	
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Basic	
  Concepts	
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Neighborhood	
  Matrix	
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Higher	
  order	
  neighborhood	
  

•  Define	
  neighborhood	
  of	
  order	
  ℓ	
  
•  ℓ	
  steps	
  to	
  walk	
  from	
  node	
  to	
  another	
  in	
  the	
  ℓ	
  -­‐neighborhood	
  
•  Boolean	
  matrix	
  Mℓ	
  describes	
  ℓ-­‐neighborhood	
  
•  M0	
  =	
  I	
  :	
  each	
  node	
  is	
  in	
  0-­‐neighborhood	
  of	
  itself	
  

•  M1	
  =	
  A	
  
•  M2	
  =	
  [(M0	
  ⊕	
  M1)	
  ⊗M1	
  ]	
  –	
  (M0	
  ⊕	
  M1)=[(I+A)	
  ⊗A]-­‐(I⊕A)	
  	
  	
  
•  In	
  general:	
  	
  

  

€ 

M  = ⊕g=0
−1 Mg( )⊗M1 − ⊕g=0

−1 Mg( )
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    Color	
  Representa:on	
  of	
  Neighborhood	
  Matrix	
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Andrade,	
  Miranda,	
  Pe>t	
  
Lobao,	
  PRE	
  	
  73,	
  	
  046101	
  
(2006).	
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  Using	
  	
  neighborhood	
  matrix	
  
	
  	
  	
  to	
  characterize	
  the	
  network	
  

✔	
   It	
   carries	
   out	
   the	
   same	
   informa>on	
   of	
   the	
   adjacency	
  
matrix	
  but	
  this	
  informa>on	
  is	
  processed.	
  

✔	
  Diameter	
  ⇒	
  the	
  maximum	
  value	
  of	
  its	
  elements	
  
✔	
  Average	
  shortest	
  path	
  <d>	
  ⇒	
  mean	
  value	
  of	
  	
  its	
  elements	
  

✔	
  Edge	
  betweenness	
  ⇒	
  a	
  simple	
  algorithm	
  to	
  calculate	
  the	
  
sum	
  of	
  frac>ons	
  of	
  shortest	
  paths	
  between	
  the	
  nodes	
  that	
  
pass	
  through	
  an	
  edge	
  

✔ Color	
   code	
   plots	
   to	
   visualize	
   the	
   neighborhood	
   structure	
  
of	
  network	
  

Andrade,	
   Miranda,	
   Pinho,	
   Pe>t	
   Lobao,	
   Eur.	
   Phys.	
   J.	
   B	
   61,	
   2470-­‐256	
  
(2008)	
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Distance	
  between	
  Networks	
  

€ 

E = [( ˆ M P )i , j
i , j
∑ − ( ˆ M Q )i , j ]

2

€ 

ˆ M P

€ 

ˆ M P

€ 
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Determinis:c	
  networks	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Bethe	
  lakce	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (Cayley	
  tree)	
  

	
  	
  	
  	
  	
  	
  	
  	
  Appollonian	
  network	
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Projec:on	
  based	
  on	
  the	
  distance	
  

    CA                                      AC 

Cayley (C)                            Apollonian (A) 
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Modular	
  structure	
  of	
  a	
  network	
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  Protein	
  similarity	
  networks	
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Phylogene:c	
  analysis	
  using	
  networks	
  

Methodology:	
  
	
  Database	
  and	
  network	
  construc>on	
  

✔	
  Select	
  the	
  protein	
  sequences	
  corresponding	
  to	
  the	
  enzymes	
  of	
  a	
  metabolic	
  
pathway	
  of	
  genomes	
  of	
  organisms.	
  Select	
  also	
  the	
  relevant	
  informa>on	
  to	
  
set	
   up	
   the	
   similarity	
   level	
   between	
   the	
   sequences	
   (Genebank	
   -­‐	
   NCBI	
   –	
  
www.ncbi.nlm.nih.gov).	
  	
  

✔	
   The	
   comparison	
   between	
   the	
   sequences	
   is	
   performed	
   by	
   the	
   program	
  
BLAST	
   .	
  As	
   a	
   result	
   a	
   similarity	
  matrix	
  N	
   x	
  N	
   is	
   set	
  up,	
   	
   associated	
  with	
  
each	
  enzyme	
  of	
  the	
  metabolic	
  pathway,	
  with	
  N	
  as	
  the	
  number	
  of	
  protein	
  
sequences.	
  

✔	
  Generate	
  101	
  networks	
  associated	
  with	
  the	
  similarity	
  threshold	
  (σ)	
  from	
  0	
  
to	
  100	
  :	
  the	
  nodes	
  are	
  the	
  protein	
  sequences	
  and	
  there	
  is	
  a	
  link	
  betwen	
  
nodes	
  if	
  the	
  similarity	
  is	
  greater	
  or	
  equal	
  to	
  σ.	
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Metabolic	
  pathway:	
  chi:n	
  

	
  	
  	
  	
  	
  There	
  are	
  1695	
  protein	
  sequences	
  corresponding	
  to	
  13	
  
enzymes	
  	
  

Enzyme Enzymatic 
classification 

Domain (#) 

UDP-acetylglucosamine 
pyrophosphorylase 

2.7.7.23 E(2), B(324), A(2) 

Acetylglucosamine 
phosphate deacetylase 

3.5.1.25 B(170), A(6) 

Glucosaminephosphate 
isomerase  

2.6.1.16 E(23), B(285), A(5) 

Hexosaminidase 3.2.1.52 E(3), B(235) 
Phosphoglucoisomerase 5.3.1.9 E(16), B(472), A(12) 
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  Acetyl	
  	
  
(176	
  nodes)	
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          Characterizing	
  the	
  networks	
  

  To	
  set	
  up	
  the	
  neighborhood	
  matrix	
  from	
  the	
  adjacency	
  matrix.	
  

  	
  To	
  calculate	
  the	
  size	
  of	
  the	
  largest	
  cluster	
  for	
  different	
  values	
  of	
  σ.	
  

  For	
  low	
  values	
  of	
  σ,	
  there	
  is	
  a	
  large	
  cluster;	
  for	
  high	
  values	
  	
  of	
  σ,	
  there	
  

are	
  many	
   sub-­‐networks.	
   For	
   intermediate	
   values	
   of	
   σ,	
   the	
  modular	
  

structure	
  is	
  revealed.	
  

UDP (40%) UDP (51%) 
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Size	
  of	
  the	
  largest	
  cluster	
  (UDP	
  e	
  Acetyl)	
  	
  

Goes-Neto,  Diniz,  Santos,  Pinho,  Miranda,  Andrade, Petit 
Lobao, Borges, El-Hani. Biosystems 101: 59-66 (2010). 

UDP Acetyl 
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                                    Cri:cal	
  network	
  

  Distance	
   between	
   the	
   networks	
   (based	
   on	
   the	
   neighborhood	
  

matrices)	
  before	
  and	
  aoer	
   the	
   removing	
  of	
   the	
   links:	
   the	
  maximum	
  

value	
  corresponds	
  to	
  the	
  cri>cal	
  network	
  (acetyl:	
  	
  42%).	
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           Edge	
  Betweenness	
  

  Edge	
  Betweenness:	
  sum	
  of	
  frac>ons	
  of	
  shortest	
  paths	
  connec>ng	
  

the	
  pairs	
  of	
  nodes	
  through	
  a	
  certain	
  edge.	
  

  Assuming	
  the	
  NG	
  procedure	
  (Newman	
  and	
  Girvan,	
  PRE	
  69,	
  026113	
  

(2004):	
  

  Remove	
   the	
   edge	
   with	
   the	
   maximal	
   value	
   of	
   edge	
  

betweenness.	
  	
  

  Repete	
  the	
  process	
  un>l	
  there	
  is	
  no	
  link.	
  	
  

  In	
   order	
   to	
   set	
   up	
   the	
   modular	
   structure,	
   we	
   set	
   up	
   the	
  

dendrogram	
   for	
   the	
   cri>cal	
   network	
   as	
   well	
   as	
   the	
   color	
  

representa>on	
  of	
  the	
  neighborhood	
  matrix.	
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  Dendrograms	
  (acetyl) 
	‏  

Dendrogram of critical 

netwrok (42%)  ‏

                   Dendrogram  (30%)  ‏
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               Iden:fying	
  the	
  modular	
  structure	
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                          Modular network of  Acetyl 

c7 

c6 

c5 
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Summary	
  of	
  Results	
  

Enzyme  Sth
(crit) # nodes # communities 

UDP-acetylglucosamine 
pyrophosphorylase  

51  327 6 

Acetylglucosamine phosphate 
deacetylase  

42  176 11 

Glucosaminephosphate 
isomerase  

40  313 4 

Hexosaminidase  37 238 9 

Phosphoglucoisomerase  37 501 5 
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Concluding	
  Remarks	
  
	
  	
  	
  	
  	
  ✔	
  The	
  interdisciplinary	
  character	
  of	
  this	
  research	
  project	
  reveals	
  the	
  
importance	
   of	
   gekng	
   together	
   the	
   knowledge	
   of	
   biologists	
   with	
  
physicists,	
  mathema>cians	
  and	
  computer	
  scien>sts.	
  However	
  the	
  team	
  
was	
  concerned	
  about	
  the	
  computa>onal	
  features	
  of	
  it.	
  
   ✔The	
  neighborhhod	
  matrix	
  present	
  the	
  processed	
  informa>on	
  about	
  
the	
  network.	
  It	
  leads	
  to	
  the	
  concept	
  of	
  distance	
  between	
  networks.	
  
	
   	
  ✔	
   The	
  distance	
   is	
  more	
  efficient	
   in	
   revealing	
   the	
  cri>cal	
  network	
   in	
  
which	
   the	
   modular	
   structure	
   of	
   the	
   network,	
   if	
   it	
   is	
   the	
   case,	
   is	
  
revealed.	
  	
  
	
   ✔The	
   above	
   concepts	
   are	
   applied	
   in	
   protein	
   similarity	
   proteins	
  
revealing	
   the	
   classifica>on	
   of	
   organisms	
   that	
   present	
   these	
   protein	
  
sequences.	
  
	
  	
  ✔The	
  methodology	
  may	
  be	
  applied	
  to	
  other	
  networks	
  that	
  presents	
  a	
  
modular	
  character.	
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Thank	
  you!	
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                               Congruence	
  

Let	
  p	
   and	
  q	
   the	
  cri>cal	
  networks	
  associated	
  with	
   two	
  enzymes;	
  Npq	
   the	
  number	
  of	
  

common	
   organisms;	
   the	
   number	
   of	
   matching	
   organisms	
  Mpq,	
   i.e.,	
   number	
   of	
  

organisms	
   that	
  are	
  placed	
   in	
   the	
   same	
  communi>es	
   in	
   the	
   two	
  networks.	
   If	
   the	
  

number	
  of	
  communi>es	
  in	
  networks	
  p	
  and	
  q	
  are	
  different,	
  it	
  is	
  necessary	
  to	
  make	
  

a	
   correspondence	
   of	
   two	
   or	
   more	
   communi>es	
   of	
   network	
   p	
   to	
   the	
   same	
  

community	
  in	
  network	
  q.	
  The	
  value	
  Gpq	
  is	
  just	
  the	
  ra>o	
  Mpq/Npq.	
  	
  

Ex:	
  UDP	
  (Norg=245)	
  e	
  Acetyl	
  (Norg=88)	
  :	
  Npq=44	
  ;	
  Mpq=40;	
  Gpq	
  =	
  91%	
  

Acetyl  
(176) 

UDP  
(327) 
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