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Resumo 

!"#$%&&#&' %&(#$)&(*$#&' &+#' ,&-.#&' /-"-' .%&$"%0%"' #' 1,2$*#2-3%2(#' .%' &*&(%3-&'
4#0%"2-.#&' /#"'3%$-2*&3#&' -5%-(6"*#&7' #,' &%8-7' &*&(%3-&' $,8#' $#3/#"(-3%2(#' 1,(,"#'
2+#'/#.%'&%"'/"%0*&(#'$#3'%9-(*.+#7'&#3%2(%'/#.%'&%"'.%(%"3*2-.-'&,-'/"#:-:*5*.-.%'
.%'#$#"";2$*-<'=%&(%'$-/>(,5#'&%")'1%*(-',3-'*2("#.,?+#'-#&'1%2@3%2#&'-5%-(6"*#&'%'A'
(%#"*-' .-&' /"#:-:*5*.-.%&7' %3' &%4,*.-' &%"+#' .%&$"*(-&' -&' B-.%*-&' .%' C-"D#07' :%3'
$#3#'-'-/5*$-?+#'.%&(%'/"#$%&&#'%&(#$)&(*$#'2-'3#.%5-4%3'.%'&*&(%3-&'%&/-$*-*&<''

1.1. Introdução 
8*! *#*$'9%*, '9!/'.%2:! '*$;-! *0<'#$-*! %! ='.$0.>%?@'*! %2'%$A.#%*! B0'! #9='&'9!=.'&#C'.!
5-9!=.'5#*;-!-! *'0! '*$%&-! '9!5%&%! #,*$%,$'!&'! $'9=-D!E'*$%! F-.9%:! 09%! 'G='.#H,5#%!
.'='$#&%:!*->!5-,&#?@'*!#&H,$#5%*:!=-&'!,;-!%=.'*',$%.!-!9'*9-!.'*02$%&-D!+%*!*'!'*$%!
'G='.#H,5#%! F-.! .'='$#&%! 09! /.%,&'! ,I9'.-! &'! 6'C'*:! %=%.'5'9! .'/02%.#&%&'*! B0'!
='.9#$'9! %! F-.902%?;-! &'! 2'#*! 9%$'9)$#5%*:! 50<%! >%*'! *;-! -*! 5-,5'#$-*! &'!
=.->%>#2#&%&'D!!

! J.-5'**-*! '*$-5)*$#5-*! *;-! 0*%&-*! =%.%! &'*5.'6'.! *#*$'9%*! /-6'.,%&-*! =-.!
F',K9',-*!%2'%$A.#-*!B0'!'6-20'9!&'!%5-.&-!5-9!-!$'9=-D!8!2'B0'!&'!%=2#5%?@'*!&-*!
=.-5'**-*!'*$-5)*$#5-*!L!90#$-!6%*$-M!*#*$'9%*!&'!9%,0$',?;-!&'!9)B0#,%*!N"-&.#/0'*!
O!(%.6%27-:!PQQRS:!5-,$.-2'!&'!%&9#**@'*!'9!7-*=#$%#*! NT0,'*!'$!%2D:!PQQUS:! .'&'*!&'!
*%$L2#$'*!&'!5-90,#5%?;-!N+-.%#*!V.:!PQQWS:!'$5D!'$5D!'$5D!

! !!!!!!!E',$.'!-*!=.-5'**-*!'*$-5)*$#5-*:! %*! 5%&'#%*!&'!+%.X-6!9'.'5'9!09! 20/%.!&'!
&'*$%B0'!=-.!*0%!.'2%$#6%!F%5#2#&%&'!&'!$.%$%9',$-!9%$'9)$#5-!'!5-9=0$%5#-,%2:!&'6#&-!
Y! *0%! =.#,5#=%2! =.-=.#'&%&'M! #' $#3/#"(-3%2(#' /"#:-:*5>&(*$#' 1,(,"#' .#' /"#$%&&#' E'
$#2.*$*#2-53%2(%' *2.%/%2.%2(%' .#' $#3/#"(-3%2(#' /-&&-.#7' .-.#' #' %&(-.#' /"%&%2(%D!
Z$0%29',$':!-![%>-.%$A.#-!Z**-5#%&-!&'!(-9=0$%?;-!'!+%$'9)$#5%!Z=2#5%&%!N[Z(S!&-!
\TJ]! &#*=@'! &'! .'*02$%&-*! $'A.#5-*! '! &'! .'50.*-*! 5-9=0$%5#-,%#*! B0'! ='.9#$'9! %!
%=2#5%?;-!&'*$'*!=.-5'**-*!,%!9-&'2%/'9!&'!*#*$'9%*!&-!=-.$'!&'!*#*$'9%*!.'%#*D!
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1.2. Probabilidade 
"#$#!%&#'(')*)+(+,!-!(!'(.,!+#.!%&#/,..#.!,.0#/1.0)/#.2!(%&,.,30($4.,!(!.,56)&!(*563.!
/#3/,)0#.!+,.0(!0,#&)(!76,!.,&8#!60)*)9(+#.!3,.0,!/(%:06*#;!!

! <!3#=8#!'1.)/(!3(!0,#&)(!+(!%&#'(')*)+(+,!-!(76,*(!+,!6$!,>%,&)$,30#!(*,(0?&)#@!
6$!%&#/,+)$,30#!76,!%#+,! .,&! &,%,0)+#!76(*76,&!3A$,&#!+,!B,9,.2! .,6! &,.6*0(+#!38#!
%#+,! .,&! +,0,&$)3(+#! +,! (30,$8#2! $(.! %,&0,3/,! (! 6$! /#3C630#! ',$! +,D)3)+#! +,!
%#..:B,).!&,.6*0(+#.;!

! E!/#3C630#!+,! 0#+#.!#.! &,.6*0(+#.!%#..:B,).!+,!6$!,>%,&)$,30#!-!/F($(+#!+,!
!"#$%&'$(&")*$+!G! !H!+#!,>%,&)$,30#;!E.!.6'/#3C630#.!+,! !.8#!+,3#$)3(+#.!!,!-)&". 

 I&#'(')*)+(+,!-!6$(!D63=8#!I&G;H76,!(..#/)(!6$!3A$,&#!(!/(+(!,B,30#!+,! !,!
%#..6)!(.!.,56)30,.!%&#%&),+(+,.@!

!
(H J! !I&G.H! !K2!! !.! ! L!!
'H I&G H!M!KL!

/H 
KK

HI&GI&
/

/
/

/ .. !!!!!!.,!!.K2!.N2;;;!.8#!!,B,30#.!+).C630#.;!

1.2.1. Probabilidade Condicional e Independência 

O,C($!+#).!,B,30#.!.2!0! ! 2!(!%&#'(')*)+(+,!+#!,B,30#!.!#/#&&,&2!+(+#!76,!.,!.(',!
76,!#! ,B,30#!P!#/#&&,62! -! /F($(+(!%&#'(')*)+(+,!/#3+)/)#3(*!+#!,B,30#!.! +(+#!02! -!
&,%&,.,30(+(!%#&!IG.Q0H2!+(+(!%#&@!!

JHI&G2
HI&G
HI&GHQI&G 0"!

0
0.0. 2!

,!0,$!(.!.,56)30,.!%&#%&),+(+,.@!

G(H I&G.Q0H! !J!G38#!3,5(0)B)+(+,HL!

G'H I&G Q0H!M! K
HI&G
HI&G

HI&G
HI&G

0
0

0
0 !G3#&$(*)9(=8#HL!

G/H %(&(!<K2!<N2;;;!+).C630#.@!
KK

HI&GI&
/

/
/

/ 0.0. !G(+)0)B)+(+,H;!

Exemplo!1. O,C(!6$!,>%,&)$,30#!,3B#*B,3+#!C#5(&!+#).!+(+#.2!36$,&(+#.!+,!K!(!R2!,$!
76,!.,!(3#0(!(!D(/,!+,!/(+(!+(+#!76,!/()&!B)&(+(!%(&(!/)$(;!

E!,.%(=#!($#.0&(*!+,.0,!,>%,&)$,30#!%#+,!.,&!&,%&,.,30(+#!%#&@!!

!M!S!G/2!1H@!/!M!K2!;;;2!RL!1!M!K2!;;;2!RT!M!

SGK2KH2!GK2NH2!GK2UH2!GK2VH2!GK2WH2!GK2RH2!

GN2KH2!GN2NH2!GN2UH2!GN2VH2!GN2WH2!GN2RH2!

GU2KH2!GU2NH2!GU2UH2!GU2VH2!GU2WH2!GU2RH2!

GV2KH2!GV2NH2!GV2UH2!GV2VH2!GV2WH2!GV2RH2!
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"#$%&$!"#$'&$!"#$(&$!"#$)&$!"#$#&$!"#$*&$!

!!!"*$%&$!"*$'&$!"*$(&$!"*$)&$!"*$#&$!"*$*&!+,!

-./0!1!.2.341!!!5!61!7.89:40;1!;1!<7=>.=71!;0;1!?!*@,!

5!A"*$%&$!"*$'&$!"*$(&$!"*$)&$!"*$#&$!"*$*&+,!

B!<71C0C=:=;0;.!;.!!!5!D7"!&!5!*E(*!5!%E*,!!

-./0!1!.2.341!"!5!681>0!;18!7.89:40;18!;18!;0;18!?!F@!!

5!A"($*&$!")$#&$!"#$)&$!"*$(&,!

-0C.3;1G8.!H9.!1!.2.341!"!1I177.9$!0!<71C0C=:=;0;.!;.!!!?!0:4.70;0$!19!8./0$!!

D7"!E"&!5!D7"!! !"#ED""&!5!"%E(*&E")E(*&!5!%E),!

! J9471! I13I.=41! >9=41! =><174034.! .>! <71C0C=:=;0;.! ?! 1! I13I.=41! ;.!
=3;.<.3;K3I=0! ;.! .2.3418,!L1=8! .2.3418!!! .!"! 8M1! =3;.<.3;.34.8! 8.! 0! =3N17>0OM1! ;0!
1I177K3I=0!;.!P!3M1!0:4.70!0!<71C0C=:=;0;.!;.!1I177K3I=0!;.!B$!19!8./0$!!

D7"!E"&!5!D7"!&$!D7""&!Q!R$!
1!H9.!.H9=20:.!0S!!

D7"!! !"&!5!D7"!&!D7""&,!

1.3. Variável Aleatória 

-./0! !9>!.8<0O1!0>18470:!.!D7",&!9>0!N93OM1!;.!<71C0C=:=;0;.. 

$%&'(')*+S!T>0!207=U2.:!0:.04V7=0!,!I1>!20:17.8!.>!9>!I13/9341!-!?!9>0!N93OM1!H9.!
0881I=0!9>!20:17!," &!.>!-!0!I0;0!7.89:40;1! ! ! $!19!8./0$!,S ! !-! ! ,!

Exemplo 2..-./0! 1! .W<.7=>.341! 6:03O0>.341! ;.! 9>0!>1.;0@$! 8.9! .8<0O1! 0>18470:! ?!
!5!AI070$!I1710+,!-./0!,!0!207=U2.:!0:.04V7=0!H9.!7.<7.8.340!1!3X>.71!;.!I0708$!.34M1!
," &!5!%!8.! !5!I070!.!," &!5!R!8.! !5!I1710,!

 -./0!,S ! !-!9>0!207=U2.:!0:.04V7=0S!

 !8.!-!N17!N=3=41!19!.39>.7U2.:$!;=YG8.!H9.!,!?!9>0!207=U2.:!0:.04V7=0!;=8I7.40Z!

 8.!-!N17!=3N=3=41!.!3M1!.39>.7U2.:$!;=YG8.!H9.!,!?!9>0!207=U2.:!0:.04V7=0!I134[390,!

1.4. Processos Estocásticos 
! T>! <71I.881! .841IU84=I1! I1>! .8<0O1! ;.! <07\>.4718! /! ?! 9>0! I1:.OM1! "19!
N0>[:=0&! =3;.W0;0! ;.! 207=U2.=8! 0:.04V7=08! A,0$! 0! ! /+! ;.N=3=;08! 31! >.8>1! .8<0O1!
0>18470:! ,!-.!/!?!9>!=34.720:1!;.!3X>.71!7.0=8!".W,./!5!]R$ &^$!1!<71I.881!?!;=41!8.7!0!
<07\>.471!"19!4.><1&!I134[391,!-.!/!?!9>0!8.H_K3I=0!;.!=34.=718!".W,!/!5!AR$%$'$,,,+&$!1!
<71I.881!?!;=41!8.7!0!<07\>.471!"19!4.><1&!;=8I7.41,!!

! J8!20:17.8!H9.!,0!<1;.!0889>=7!I1>1!9>0!N93OM1!;.!0!8M1!I`0>0;18!.840;18!.!
/93418!.:.8!8M1!I`0>0;18!;.!.8<0O1!;.!.840;18!-,!

! a0!8.OM1!8.b9=34.!0<7.8.340>G8.!08!I0;.=08!;.!c07d12!H9.!8M1!9>!4=<1!.8<.I=0:!
;.!<71I.8818!.841IU84=I18$!<1=8!>9=418!8=84.>08!<1;.>!8.7!>1;.:0;18!<17!.84.!<71I.881,!
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1.5. Cadeias de Markov 

"#$%! !&'!#()%*+!%'+(,-%.!#!/-012!&'%!3&4*5+!6#!)-+7%78.86%6#(!4#.#!6#38486%1!

! 9!)-+:#((+!#(,+:;(,8:+!<!"=!"!>!?@!A@!B@111C:+'!#()%*+!6#!#(,%6+(!68(:-#,+!D!&'%!
:%6#8%!6#!E%-F+G!(#H!

/-0!"#A!>!$I!?@111@!!42!>!/-0!"JA!>!$I!"2@! $! !%!#! "! !<?@A@B@111C@!

+&!(#$%@!!"JA!D!:+468:8+4%.'#4,#!846#)#46#4,#!6#!!?@111@!!"KA!6%6+!!"1!

! L(! )-+7%78.86%6#(! :+468:8+4%8(! /-0!"JA! >! $I!"! >! 82! >! &"0'@!$2! (5+! :M%'%6%(!
)-+7%78.86%6#(!6#!,-%4(8*5+!#'!A!)%((+1!

! "#!/-0!"JA!>!$IN"!>!'2!>!/-0!A!>!$I!?!>!'2!>!&0'@!$2@!)%-%! "! ?@!#!'@!$! !%@!+&!(#$%@!
%(!)-+7%78.86%6#(!6#!,-%4(8*5+!846#)#46#'!6#!"@!%(!)-+7%78.86%6#(!6#!,-%4(8*5+!(5+!68,%(!
#(,%:8+4;-8%(@! +! O&#! 8').8:%! O&#! #.%(! 45+!'&6%'! %+! .+4P+! 6+! ,#')+1!L(! :%6#8%(! 6#!
E%-F+G!O&#! ,Q'!)-+7%78.86%6#(! 6#! ,-%4(8*5+! #(,%:8+4;-8%(! (5+! :M%'%6%(! M+'+PQ4#%(!
4+!,#')+1!

! L(!)-+7%78.86%6#(!&0'@!$2!)+6#'!(#-! -#)-#(#4,%6%(!)+-!&'%!'%,-8R!6#4+'84%6%!
S'%,-8R!6#!,-%4(8*T#(U!V!N!V@!#'!O&#!V!>! % !D!%!:%-684%.86%6#!6+!#()%*+!6#!#(,%6+(!%@!
:&$%!8$KD(8'%!#4,-%6%!D!&0'@!$21!/+-!#W#').+@!(#!%!>!<?@!A@!B@111@"C@!%!'%,-8R!6#!,-%4(8*T#(!
DH!

! /!>!

(")"*&(")*&()"*&

(")*&()*&()*&
(")*&()*&()*&

A?

AAA?A

?A???

!

! X#(,%! 3+-'%@! %! '%,-8R! 6#! ,-%4(8*T#(! 6#! &'%! :%6#8%! 6#!E%-F+G! D! &'%! '%,-8R!
O&%6-%6%!:+'H!

0%2 &0'@!$21 !?@!! 8@!$! !Y=!

072 
%$

%')($)'*& A 1!

! 9!8,#'!0%2!+:+--#!)+-O&#!&0'@!$2!(5+!)-+7%78.86%6#(!:+468:8+4%8(!#@!)+-,%4,+@!45+!
)+6#'!(#-!4#P%,8G%(1!9!8,#'!072!+:+--#!O&#!+!)-+:#((+!6#G#!-#%.8R%-!&'%!,-%4(8*5+!)%-%!
%.P&'!#(,%6+1!

! 9&,-%! '%4#8-%! 6#! (#! -#)-#(#4,%-! %(! :%6#8%(! 6#! E%-F+G! D! 6#(#4M%46+! &'!
S68%P-%'%!6#! ,-%4(8*5+!#(,%6+(U@! #'!O&#!:%6%! #(,%6+!D! -#)-#(#4,%6+!)+-!&'!)#O&#4+!
:Z-:&.+!:+'!(#&!4+'#!6#4,-+!6#.#@!#!:%6%!)+,#4:8%.!,-%4(8*5+!6+!#(,%6+!'!)%-%!+!#(,%6+!$!
0(#!&0'@!$21![!?2!D!-#)-#(#4,%6%!)+-!&'%!3.#:M%!68-#:8+4%6%!:+'!+!G%.+-!6#!&0'@!$2!#(:-8,+!
(+7-#!%!3.#:M%1!V+(!68%P-%'%(!6#!,-%4(8*5+!%)-#(#4,%6+(!4#(,#!:%)Z,&.+!&0'@!$2!>!+'$,!

!

A! B

)BB!)AB!

)BA!

)AA!
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Figura 9.1. Diagrama de transição de estados 

! "#$%#! &'()%*+,! &,-$./#0'12$#! $,1#-%#! '$! &'/#.'$! /#!3'04,5! &,1!*1!-61#0,!
7.-.%,!/#!#$%'/,$!#!&,1!(0,8'8.+./'/#$!/#!%0'-$.9:,!#$%'&.,-;0.'<!

1.5.1 – Outras Probabilidades de Interesse 

1.5.1.1. – Pr(Xn+1 = k, Xn+2 = j/Xn = i) =? 

! =$'-/,!'!/#7.-.9:,!/#!(0,8'8.+./'/#!&,-/.&.,-'+!%#12$#!>*#?!

@0A! "B#CD
C@0A

C@0A
#

#"! D
C@0A

C@0ACB@0A
#

#"#"! D@0A!B" #C@0A"B#C<!

E#$%'!7,01'F!!

@0A$%GHD!&F!$%GID!'B$%D!(C!!D!@0A$%GID!'B$%D!(F!$%GHD!&C!@0A$%GHD!&!B$%!D!(C!
!!!D!@0A$%GID!'B$%GHD!&C!@0A$%GHD!&!B$%!D!(C!
D!)A(*+&C+)A&*+'C<!

! ",!&'$,!J#0'+?!

@0A$%GH!D!(HF!$%GI!D!(IF<<<F$%G,!D!(,B$%!D!(KC!D!)A(KF!(HC!@A(HF!(!IC!<<<!@A(,2HF!(!,C!!
!!!D!@0A$H!D!(HF!$I!D!(IF<<<F$1!D!(,B$K!D!(KC<!

1.5.1.2. – Distribuição Conjunta de X0,...,Xm!

L! /.$%0.8*.9:,! &,-M*-%'! $KF<<<F$,F! ('0'! >*'+>*#0! ,! ! F! (,/#! $#0! &,1(+#%'1#-%#!
#$(#&.7.&'/'!(#+'!#N(0#$$:,?!

@0A$K!D!(KF!$H!D!(HF<<<F$,!D!(,C!D!@0A$K!D!(KC @A(KF!(HC!@A(HF!(IC!<<<!@A(,2HF!(,C!

#1!>*#!@0A$K!D!(C!O!' !/.$%0.8*.9:,!.-.&.'+!/,!#$%'/,!(! !-<!

1.5.1.3. – Probabilidade Incondicional !

L! (0,8'8.+./'/#! /#! ,! (0,&#$$,! #$%'0! -,! #$%'/,! '! -,! .-$%'-%#! %! A(0,8'8.+./'/#!
.-&,-/.&.,-'+C!O!/'/'!(,0?!

! @0A$%!D!'C!D! P@0QP@0Q KK ($($'$
-(

% <!

1.5.1.4. – Probabilidade de Transição em n Passos!

@'0'!$#!&'+&*+'0!'!(0,8'8.+./'/#!/#!%0'-$.9:,!#1!%!('$$,$?!
@0A$,G%!D!'B$,!D!(C!D!@0A$%!D!'B$K!D!(C!D!)%A(F!'CF!

(,/#2$#!*$'0!'$!#>*'9R#$!/#!ST'(1'-2U,+1,J,0,5?!

)%A(F!'C!D! CFACFA CA '.).() ,,

-.

, 2!('0'!>*'+>*#0!,F!%! !QKF!HF!IF<<<P<!

! L$! #>*'9R#$! /#! ST'(1'-2U,+1,J,0,5?! .-/.&'1! >*#F! &,1#9'-/,! /,! #$%'/,! (F!
('0'!,!(0,&#$$,!$!#$%'0!-,!#$%'/,!'!/#(,.$!/#!%!('$$,$F!#+#!/#5#!#$%'0!#1!'+J*1!#$%'/,!
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"#$%&'%(")&"*!!!(%+*",!(%!"!+-,,*,!%!%#$.*!"&!(*!%,$-(*!!!+-&-!*!%,$-(*!#!(/&-#$%!*!0$1"2!
+-,,*,!&%,$-#$%,3!

Exemplo 3. O Processo de Bernoulli 

4%5-! ! /'!%,+-6*!-'*,$&-78!9&032! /'-! :/#6.*!(%!+&*;-;"7"(-(%,!#%7%!(%:"#"(-8! %! <%$=!
#!>!?8!@8333A!/'-!,%B/C#D"-!(%!E-&")E%",!-7%-$F&"-,!(%:"#"(-,!%'! !%!-,,/'"#(*!,*'%#$%!
*,!E-7*&%,!G!%!?3!!

! H!+&*D%,,*!%,$*D),$"D*!<%$=!$!>!?8!@8333A!I!DJ-'-(*!+&*D%,,*!(%!K%&#*/77"!D*'!
&'('<G8!?A!,%L!
-2!%)8!%@8333!,.*!"#(%+%#(%#$%,8!%!
;2!9&0%$!>!?2!>!*8!9&0%$!>!G2!>!+!>!?!M!*!+-&-!$*(*!$,!
! 9%7-!(%:"#"6.*!(*!+&*D%,,*!(%!K%&#*/77"8!$%'1,%!B/%L!

9&0%$N?!>!#O%?8!%@83338%#2!>!9&0%$N?!>!#2!>!9&0%$N?!>!#O%$28!
*/! ,%5-8! *! +&*D%,,*! (%!K%&#*/77"! I! /'-! D-(%"-! (%!P-&Q*E! %,+%D"-78! +*",! *! :/$/&*! (*!
+&*D%,,*!I!"#(%+%#(%#$%!(%!$*(-!-!J",$F&"-!+-,,-(-!%!(*!%,$-(*!+&%,%#$%3!4/-!'-$&"R!(%!
+&*;-;"7"(-(%!(%!$&-#,"6.*!I!(-(-!+*&L!

*+
*+

- !

S%#%&-7"R-#(*L!B/-7B/%&!+&*D%,,*!%'!B/%! $*(-,!-,!E-&")E%",!,.*! "#(%+%#(%#$%,!I!/'-!
T-(%"-! (%! P-&Q*E! 0D-,*! +-&$"D/7-&8! E",$*! B/%! -,! E-&")E%",! #.*! (%+%#(%'! (%! #-(-8!
"#D7/"#(*!*!'*'%#$*!+&%,%#$%23!

Exemplo 4. Clima de uma Cidade!

U'! /'-! D%&$-! D"(-(%! #/#D-! *D*&&%'! (*",! ("-,! %#,*7-&-(*,! %'! ,%V/"(-3! T-(-! ("-! I!
D7-,,":"D-(*! D*'*! %#,*7-&-(*8! #/;7-(*! 0'-,! ,%'! DJ/E-2! */! DJ/E*,*3! W+F,! /'! ("-!
%#,*7-&-(*8!*!+&FX"'*!("-! $%'!-!'%,'-!+&*;-;"7"(-(%!(%!,%&!#/;7-(*!*/!DJ/E*,*3!4%!
/'!("-!I! DJ/E*,*!*/!#/;7-(*8! %X",$%!/'-!DJ-#D%!%'!(*",!(%!B/%!*!+&FX"'*!("-! ,%&)!
D*'*!*!-#$%&"*&8!D-,*!#.*!,%5-8!I!"V/-7'%#$%!+&*E)E%7!B/%!#*!+&FX"'*!("-!*D*&&%&)!/'-!
(-,!*/$&-,!(/-,!+*,,";"7"(-(%,3!

! 4%5-!*!%,+-6*!(%!%,$-(*,!&!>!<G8!?8!@A8!*#(%!*!%,$-(*!G!,"V#":"D-!Y%#,*7-&-(*Z8!*!
%,$-(*!?!,"V#":"D-!Y#/;7-(*Z!%!*!%,$-(*!@!,"V#":"D-!YDJ/E*,*Z3!

P-",!+&%D",-'%#$%8!

./0102$1+3241.536787289:$0/1782
./0102$1+3241$3!4107289:$0/1782
./0102$1+32412$8741;107289:$0/1782

% $

@
?
G

!

! H!+&*D%,,*!<%$8!$!>!G8?8@A!+*(%! ,%&! &%+&%,%#$-(*!+*&!/'-!D-(%"-!(%!P-&Q*E8!
+*",!,-$",:-R!-!+&*+&"%(-(%!9&0%$N?!>!#O%G83338![$2!>!9&0[$N?!>!5O%$23!W!'-$&"R!(%!$&-#,"6.*!
(%!%$'+*(%!,%&!(-(-!+*&L!!
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"#$%#$%#$
%#$"#$%#$
"#$"#$&

' !

1.5.1. Classificação de estados 

1.5.1.1. Acessibilidade e Comunicabilidade 

(!)*+,-.! !!/!-0+.!,1)**23)4!,!5,6+06!-.!)*+,-.!"7!.8!!!5.-)!*)6!,41,9:,-.!,!5,6+06!-)!8;!
)*+,-.! "!<.87! "!,+09=)!!>7!-)9.+,?*)! "! !!7!*)!)@0*+)!8;!09+)06.!#! !$!+,4!A8)!$#<"7!!>!B!&C!
D*+.!*0=90E01,!A8)!/!5.**23)4!5,6,!.!56.1)**.!)3)9+8,4;)9+)!)9+6,6!9.!)*+,-.! !!A8,9-.!
)4)!1.;):,!9.!)*+,-.!"C!

F.0*!)*+,-.*!"!)!!!*)!1.;8901,;!*)!"!,1)**,!!!)!*)!!%,1)**,!"7!.8!*)G,7!"! !!!)!!! !"C!
$&'(&")*+*)% &),-)."/+0! H8,4A8)6! )*+,-.! *)! 1.;8901,! 1.;! )4)! ;)*;.7! .8! *)G,7!
$&<"7!">!I!$C!

$&'(&")*+*)%1&+#2"1"/+0%!*)!"! !!!)!!! !3!)9+J.!"% !3C!

1.5.1.2. Classe de Estados 

F)9.;09,?*)!14,**)!-.!)*+,-.!"!,.!1.9G89+.!-)!+.-.*!.*!)*+,-.*!A8)!*)!1.;8901,;!1.;!
"7! +,;K/;! -)9.;09,-.! 1.9G89+.! E)1L,-.C! F)*+,! E.6;,7! .*! )*+,-.*! -)! 8;,! 1,-)0,! -)!
M,6N.3! 5.-);! *)6! *8K-030-0-.*! );! 8;,! .8! ;,0*! 14,**)*! -0*G89+,*! <A8)! 9J.! +O;!
)4);)9+.*! );! 1.;8;>7! +,0*! A8)! ,A8)4)*! )*+,-.*! A8)! *)! 1.;8901,;! )9+6)! *0! *)!
)91.9+6,;!9,!;)*;,!14,**)7!)!8;!1.9G89+.!-)!)*+,-.*!+6,9*0+P60.*C!

! Q)! );! 8;,! 1,-)0,! -)!M,6N.3! )@0*+06! ,5)9,*! 8;,! 14,**)7! .8! *)G,7! *)! +.-.*! .*!
)*+,-.*!*)!1.;8901,;7!)*+,!1,-)0,!/!-0+,!066)-8+23)4C!Q)7!,.!1.9+6R60.7!,!1,-)0,!5.**806!
;,0*!-)!8;,!14,**)!.8!5.**806!)*+,-.*!+6,9*0+P60.*7!)4,!/!-)9.;09,-,!6)-8+23)4C!

1.5.1.3. Periodicidade 

S;!)*+,-.!/!1L,;,-.!5)60P-01.!-)!5)62.-.! ! !"!*)!

$#<!7!!>!I!'6<4#!I!!#4&!I!!>!B!&!*.;)9+)!*)!#! !T&7! 7!" 7CCCUC!

! S;!)*+,-.!/!14,**0E01,-.!1.;.!,5)60P-01.!*)! !I!$C!

1.5.1.4. Transitoriedade e Recorrência 

S;!)*+,-.!"! !5%/!-0+.!+6,9*0+P60.!*)!)@0*+06!8;!)*+,-.!!! !5%<!! !">!A8)!*)G,!,1)**23)4!-.!
)*+,-.%"7!;,*!.!)*+,-.!"!9J.!/!,1)**23)4!-)!!7!.8!*)G,7!"! !!!;,*!! !"!5,6,!,4=8;!!C!

! S;!)*+,-.!/!-)9.;09,-.!6)1.66)9+)!*)7!5,6+09-.!-)*+)!)*+,-.7!*8,!56.K,K040-,-)!
-)!6)+.69.!/!$7!.8!*)G,7!*)!"!/!6)1.66)9+)!"! !!!)!!! !"C!
! V;!8;,!1,-)0,!-)!M,6N.3!E090+,7!9);!+.-.*!.*!)*+,-.*!*J.!+6,9*0+P60.*C!

! Q)!+.-.*!.*!)*+,-.*!);!8;,!1,-)0,!*J.!6)1.66)9+)*7!,5)60P-01.*7!)!*)!1.;8901,;!
)9+6)!*07!,!1,-)0,!/!-0+,!*)6!)6=P-01,C!

$&'(&")*+*)W!*)!"!/!6)1.66)9+)!)!"! !!!)9+J.!!%6!6)1.66)9+)C!
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1.5.1.5. Absorvência 

"#!$%&'()!!!$!(*&)!'+%),-$.&$!%$!"/!0!#1!2!30! #! !!! !"/!0!!1!2!45!
"$%&$!'()('*!6)()!$%&'()!'+%),-$.&$!7!,$8),,$.&$5!

1.5.2. Probabilidade Limite 

9,$:;$.&$#$.&$! %$! ($%$<'! %'+$,! 8)#)! $%&',=! )! %*%&$#'!($>)*%! ($! ;#! ?).@)! &$#>)!($!

A;.8*).'#$.&)0!);! %$<'0!)!8)#>),&'#$.&)!('!>,)+'+*?*('($!($! &,'.%*BC)!$#!+! >'%%)%0!
>','!+!@,'.($0! ,!-.#-"$/0!1,#2!/"0!1 ++

+

+ 3
.!

! D$!$%&'!>,)+'+*?*('($!A),!*.($>$.($.&$!()!$%&'()!*.*8*'?0!$?'!8).-$,@$!>','!;#!

.E#$,)! /#1! F53! $! 7! ($.)#*.'('! >,)+'+*?*('($! $%&'8*).=,*'5! G?'! >)($! %$,! 8'?8;?'('!
#;?&*>?*8'.()H%$! '! #'&,*I!"! >),! $?'! #$%#)! '&7! :;$! $%&'! .C)! %$! #)(*A*:;$! #'*%0! );!
;%'.()!)!&$),$#'!'!%$@;*,5!

3'%$'1)*!D$<'!J-+K!+!2!30!40!L0555M!;#'!8'($*'!($!N',O)-!A*.*&'!$!*,,$(;&P-$?!8)#!#'&,*I!
($! &,'.%*BC)!"5!6)()%!)%! $%&'()%! %C)! ,$8),,$.&$%! %$!$! %)#$.&$! %$!$Q*%&*,!;#'!%)?;BC)!
>','R!

4#

4!

#

4##!"!#

41/

100/1/1/

!

! D$! $Q*%&*,! ;#'! %)?;BC)0! $?'! 7! E.*8'! $! /#1! F! 3! #K! $! %$! J-+M! A),! '>$,*S(*8'0!
4!,2#2!/"0!1,#/ +

+
5!

! /#1!>)($! &'#+7#!%$,! *.&$,>,$&'('!8)#)!'!>,)>),BC)!()! &$#>)0!'! ?).@)!>,'I)0!
:;$!)!>,)8$%%)!>'%%'!.)!$%&'()! #0!);!'! A,$:TU.8*'!,$?'&*-'!($!)8),,U.8*'!()!$%&'()! #!'!
?).@)!>,'I)5!

! V%! >,)>,*$('($%! '+'*Q)! ($,*-'#! ('! ($A*.*BC)! ($! 8?'%%$0! $%&'()%! &,'.%*&S,*)%! $!

,$8),,$.&$%5!

"$%&$!'()('R! D$! !! $! #! A),$#! $%&'()%! ,$8),,$.&$%! >$,&$.8$.&$%! W! 8?'%%$! (*A$,$.&$%5!
"+/!0!#1!2!30!>','!&)()!+5!

"$%&$!'()('R!D$!#!7!;#!$%&'()!&,'.%*&S,*)0!$.&C)! 310/?*# #!"+
+

!>','!&)()!+!$0!>),&'.&)0!

'!>,)+'+*?*('($!($!)!>,)8$%%)!$%&',!$#!;#!$%&'()!&,'.%*&S,*)!'>S%!;#!@,'.($!.E#$,)!($!

&,'.%*BX$%!&$.($!'!I$,)5!

! Y','!8?'%%*A*8',!)%!$%&'()%!($!;#'!Z'($*'!($!N',O)-!8)#!;#!.E#$,)!A*.*&)!($!

$%&'()%!

4![!*($.&*A*8'#H%$!)%!8).<;.&)%!A$8\'()%!*,,$(;&P-$*%![!&)()%!)%!$%&'()%!>$,&$.8$.&$%!'!

;#!8).<;.&)!A$8\'()!*,,$(;&P-$?!A*.*&)!%C)!,$8),,$.&$%K!!

L![!)%!$%&'()%!,$%&'.&$%0!%$!\);-$,0!%C)!&,'.%*&S,*)%K!

]![!($&$,#*.'H%$!'!>$,*)(*8*('($5!

!
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Exemplo!5. Voltando ao Exemplo do Clima!

"#$%#!#&#'()*+!,!-,.#/,!.#!0,12*3!4!/11#.5%63#)+!*5!$#7,+!#&/$%#!$*'#8%#!5'!-*8758%*!
9#-:,.*!;5#!4!*!-*8758%*!.#!%*.*$!*$!$#5$!#$%,.*$!!!<!=>+!?+@AB!C*.*$!*$!#$%,.*$!$D*!
.#$%,!-,.#/,!$D*!1#-*11#8%#$B!

"*!)*8E*!(1,F*+!;5,)!4!,!91,GD*!.#!./,$!#8$*),1,.*$H!"5I),.*$H!J:53*$*$H!

K,1,!*I%#1!#$%,$!1#$(*$%,$+!.#3#L$#!1#$*)3#1!*!$#E5/8%#!$/$%#',!.#!#;5,GM#$N!

!"

!#

"

!""#$#"

?OP

O++POPOP
!

?O@PO?PO>P
@Q?RQ?RQ?
RQ?@Q?RQ?
@Q?@Q?>

O@PO?PO>PO@PO?PO>P
!

!

S#$*)3#8.*L$#! *! $/$%#',! ,-/',+! %#'L$#! ;5#! ,! 91,GD*! .#! ./,$! #8$*),1,.*$+! 85I),.*$! #!
-:53*$*$!$D*+!1#$(#-%/3,'#8%#+! P>O!<!?QT+! P?O!<!@QT!#! P@O!<!@QTB!

1.5.3. Tempo de Primeira Passagem 

U'!'5/%,$! $/%5,GM#$! .#$#7,L$#! $,I#1! *! 8V'#1*! .#! %1,8$/GM#$! 1#,)/F,.,$! (#)*! (1*-#$$*!
(,1,!/1!.*!#$%,.*!#!,*!#$%,.*!"!(#),!(1/'#/1,!3#F+!(#16*.*!.#8*'/8,.*!%#'(*!.#!(1/'#/1,!
(,$$,E#'B!

! W#! "!<! #+!*! %#'(*!.#!(1/'#/1,!(,$$,E#'!4!*!8V'#1*!#$(#1,.*!.#! %1,8$/GM#$!,%4!
;5#!*!(1*-#$$*!1#%*18#!,*!#$%,.*!/8/-/,)!#+!.#8*'/8,.*!tempo esperado de retornoB!

%&'(&)*+!W#7,! "!5'!#$%,.*!1#-*11#8%#!8D*L85)*!,(#1/X./-*!#!$#7,!Y""!*!%#'(*!#$(#1,.*!
#8%1#!.*/$!1#%*18*$!-*8$#-5%/3*$!,!"B!C#'L$#!;5#N!

OP
?
""" (,1,!%*.*!"! !!,-

! W#!7! !/+!$#7,!./P#+!"O!,!(1*I,I/)/.,.#!.#!;5#+!-*'#G,8.*!8*!#$%,.*!#+!*!(1*-#$$*!
9,G,!$5,!(1/'#/1,!3/$/%,!,*!#$%,.*!"!8*!/8$%,8%#!/+!*5!*!%#'(*!.,!(1/'#/1,!(,$$,E#'!.*!
#$%,.*!#!(,1,!*!#$%,.*!"!$#7,!/E5,)!,!/B!
! W#!/!<!?+!.?P#+!"O!<!$P#+!"O+!;5#!4!,!(1*I,I/)/.,.#!.#!%1,8$/GD*!#'!5'!(,$$*!#!(*.#!
$#1!*I%/.,!./1#%,'#8%#!.,!',%1/F!.#!%1,8$/GD*!.,!-,.#/,!.#!0,12*3B!

! W#!/! !@N+!!./P#+!"O!<!K1P0?! !"+!0@! !"+BBB+!0/L?! !"+!0/-<!"Q!0>!<!#O!

<
A=

?@? O++BBB++P
"!1

//# "0"0"010$ !

< OPOQ++BBB+P ?
A=

??@ 10$10"0"0"0$ #
"!1

//# !



10	  
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" #$#%%&&&%$ '
()

'*' !"#$"$"$"# %
$&!

''! !

" #%$#%$
()

' !%#$!(
$&!
' !

! +,-,%!.!/0,1.12324.45!45!,!/0,6577,!578.0!59!%!5!:2728.0!$!.3-;9!42.!<!4.4,!/,0=!

#%$#%$#%$#%$ $!(!%#$%#$%(
$&!

. 

! ($%%!$#!>!'!29/326.!?;5!,!/0,6577,!6,95@.A4,!A,!578.4,!%!8.3:5B!C.9.27!.82AC.!,!
578.4,!$%!,;!75C.%!,!859/,!57/50.4,!.8<!.!/029520.!/.77.-59!4,!578.4,!%!/.0.!,!578.4,!$!
750D!E%$)*) +!

! F5!($%%!$#!"!'%!

E%$!"!GH($%%!$#I!"!
'

#%$
'

$%'( %!

?;5!/,45!8.91<9!750!6.36;3.4,!;7.A4,!.7!5?;.@J57!056;072:.7=!

E%$)*),- !$
$!

%!. +!

1.5.4. Número Médio de Visitas a um Estado 

K!AL950,!45!:2728.7!.!;9!578.4,!<!4.4,!/,0=!

/$)"!
M

#%$
0

0$ "1 !

59!?;5!N)C(!<!.!O;A@P,!2A426.4,0.!45O2A24.!/,0=! $"23
$"23

"1
0

0
0$ M

'
#$ &!

! K!AL950,!9<42,!45!:2728.7!?;5!,!/0,6577,!O.B!.,!578.4,!$!6,95@.A4,!4,!578.4,!%!
<!4.4,!/,0=!

4$%%!$#!"!G$QCRSM!"!2#!"!G$
M

M
M

M #R#$$#R#$
0

0
0

$0$ %""1&%""1 !

"!
M M

M #%$#RT0$
0 0

0
0 $%#%"$" &!

! G9!A,8.@P,!9.80262.3!859U75=!

4!"!N!V!#!V!#0!VW%!

59!?;5!N!<!.!9.802B!245A824.45&!

! X.B5A4,!4!U!4#!"!N%!859U75!?;5!4$N!U##!"!N&!Y,9,!&!<!O2A28,%!859U75!?;5=!

4!"!$N!U##U'&!
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1. 5.5. Tempo Esperado até Absorção 

"! #$%&'! $(&$)*+'! *#,! *-(')./'! $0123*4$! *'! 56%$)'! %,+2'! +$! 32(2#*(! *'(! $(#*+'(!

#)*5(2#7)2'(! *#,! 01$! *! 8*+$2*! $5#)$! $%! 1%! $(#*+'! )$8'))$5#$9! *! &*)#2)! +*:! *! 8*+$2*! (7!

32(2#*);!$(#*+'(!)$8'))$5#$(!&$)#$58$5#$(!<!%$(%*!84*(($!+$(#$9!5158*!%*2(!)$#')5*5+'!*!

1%!$(#*+'!#)*5(2#7)2'9!$!,!+*+'!&')=!

>9?>9?

@

!"#!"$
%

%
&*)*!"9!!!#)*5(2#7)2'(A!

! B5*4'C*%$5#$!<!D$./'!EAFAG9!'!#$%&'!*#,!*-(')./'!&'+$!($)!8*4814*+'!&')=!

$!H!?I!J!&>JE9!$%!01$!&?"9!!>!H'#?"9!!>!&*)*!"9!!!#)*5(2#7)2'(A!

! K'%'!*!8*+$2*!,!*-(')32+*!5*!&)2%$2)*!3$L!01$!$5#)*!$%!1%!$(#*+'!*-(')3$5#$9!

*!&)'-*-242+*+$!+$!*-(')./'!,!*!&)'-*-242+*+$!+*!&)2%$2)*!32(2#*!*!$(#$(!$(#*+'(9!'1!($M*9!

*! &)'-*-242+*+$! +$! *-(')./'! &'+$! ($)! '-#2+*! )$('43$5+'J($! '! ($C125#$! (2(#$%*! +$!

$01*.N$(=!

>9?>9?>9? (!)!"#(")
*!

 &*)*!#'+'!"' !*!$!(!*-(')3$5#$A!

Exemplo 4!O!Jogo de Futebol!

P'/'!$!Q$+)'!$(#/'!M'C*5+'!R1#$-'4A!S1*5+'!$4$(!8'%$.*%9!'!&4*8*)!,!@J@A!Q*)*!01$!'!

M'C'!R201$!%*2(!25#$)$((*5#$9!($!$4$(!$%&*#*%9!'!&4*8*)!,!25(#*5#*5$*%$5#$!L$)*+'!&*)*!

@J@A!K'%$.*5+'!+$!01*401$)!&4*8*)9!*!&)'-*-242+*+$!01$!P'/'!R*.*!'!&)7T2%'!C'4!,!EUVA!

S1*4!,!*!&)'-*-242+*+$!+$!Q$+)'!C*5W*)!'!M'C'X!

! "!$(&*.'!+$!$(#*+'(!+$(#$!(2(#$%*!,!+$R252+'!&')=!

*!H!Y?+9,>U!+!,!*!01*5#2+*+$!+$!C'4(!R$2#'(!&')!P'/'!$!,!*!01*5#2+*+$!+$!C'4(!R$2#'(!&')!
Q$+)'Z!H!Y?@9@>9!?@9E>9!?@9[>9!?E9@>9!?[9@>ZA!

!

-%\E!H!?@9@>!($=!

 -%!H!?@9E>9!'1!($M*9!($!P'/'!R2L$)!1%!C'49!*!&*)#2+*!$%&*#*!$!'! M'C'!,!L$)*+'9!8'%!
&)'-*-242+*+$!Q)?-%\E!H!?@9@>U-%!H!?@9E>>!H!EUV9!

 -%!H!?E9@>9!'1!($M*9!($!Q$+)'!R2L$)!1%!C'49!*!&*)#2+*!$%&*#*!$!'!M'C'!,!L$)*+'9!8'%!
&)'-*-242+*+$!Q)?-%\E!H!?@9@>U-%!H!?@9E>>!H![UVA!

-%\E!H!?E9@>!($=!

 -%!H!?@9@>9!'1!($M*9!($!P'/'!R2L$)!1%!C'4!8'%!Q)?-%\E!H!?E9@>U-%!H!?@9@>>!H!EUVA!

-%\E!H!?@9E>!($=!

 -%!H!?@9@>9!'1!($M*9!($!Q$+)'!R2L$)!1%!C'4!8'%!Q)?-%\E!H!?@9@>U-%!H!?@9@>>!H![UVA!

-%\E!H!?[9@>!($=!

 -%!H!?E9@>9!'1!($M*9!($!P'/'!R2L$)!1%!C'4!8'%!Q)?-%\E!H!?[9@>U-%!H!?E9@>>!H!EUVA!

-%\E!H!?@9[>!($=!

 -%!H!?@9E>9!'1!($M*9!($!Q$+)'!R2L$)!1%!C'4!8'%!Q)?-%\E!H!?@9[>U-%!H!?@9E>>!H!E[VA!
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!

"#$#%!!"&'!()!*+,+-*+!*#!+(./*#!!"%!#0!(+1/%!234!"&'!5!#6!7%888%!!"9!5!234!"&'!5!16!"9%!+!#!
,3#:+((#!;!"%!"!5!7%'%<=!,#*+!(+3!3+,3+(+-./*#!,#3!0>/!:/*+?/!*+!@/3A#B8!

! C!*?/$3/>/!*+!.3/-(?DE#!*+!!"!F!*/*/!,#3G!

!

!
!

! H!(0/!>/.3?I!*+!.3/-(?DE#!FG!!

'7777
7'777
J6'777J6<
7J6<77J6'
77J6'J6<7

$ !

!

! C! +(./*#(! 47%79%! 47%'9! +! 4'%79! (E#! .3/-(?.)3?#(! +! #(! +(./*#(! 47%<9! +! 4<%79! (E#!
3+:#33+-.+(8!

! K!,3#L/L?M?*/*+!N0+!2+*3#!$/-O+!F!/!,3#L/L?M?*/*+!N0+!/!:/*+?/!/.?-1/!#!+(./*#!
47%<9%!#0!(+1/%!P447%79%!47%<998!

! 2/3.?-*#!*#!+(./*#!47%79%!/!,3#L/L?M?*/*+!*+!/L(#3DE#!,+M#!+(./*#!47%<9!,#*+!(+3!
#L.?*/!+-:#-.3/-*#Q(+!P447%79%!47%<998-#!(?(.+>/!*+!+N0/DR+(G 
P447%79%47%<99!5!2447%79%47%'99!P447%'9%47%<99!&!2447%79%4'%799!P44'%79%47%<99!!

5! 99<%749%7%'44
J
'99<%749%'%744

J
< %% !

P447%'9%47%<99!5!2447%'9%47%799!P447%79%47%<99!&!2447%'9%47%<99!P447%<9%47%<99!!

5! 99<%749%<%744
J
<99<%74%7%744

J
' %% !

P44'%79%47%<99!5!2447%'9%47%799!P447%79%47%<99!&!244'%79%4<%799!P44<%79%47%<99!

5! 99<%749%7%<44
J
'99<%749%7%744

J
< %% !

7!7!

7!'!

'!7!

<6J!

'6J!

7!<!

<!7!

'6J!

<6J!

<6J!

'!
'6J!

'!
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!!

"##$%&'%#$%&''!(!)!#*+!,-.!/!.0123/!#$%&'!4!250/67.81.!

"##&%$'%#$%&''!(!$!#*+!,-.!/!.0123/!#&%$'!4!250/67.81.!

!

! 901.!0:01.;2!6.0-<12!.;=!

"##$%$'%#$%&''!(! ''&%$#'%$%$##
>

&

>

)

>

&
''&%$#'%$%$##

>

)

>

& !! !(!
?

@
''&%$#'%$%$##

?

@ ! !

981A/!2!B6/525:<:323.!3.!C.36/!D28E26!@FGH!

1. 6. Aplicação de Cadeia de Markov 

1. 6.1. Modelagem Markoviana para Otimização de Redes de Sensores sem Fio 
(Gomes (2009)) 

I/;.0! #&$$?'! .01-3/-! -;2! 6.3.! 3.! 0.80/6.0! 0.;! J:/! -1:<:K232! B262! ;/8:1/62;.81/!

2;5:.812<%!.;!,-.!/0!8L0!3.!0.80/6.0!0A/!M2B2K.0!3.!;/8:1/626!-;2!3.1.6;:8232!+6.2!

3.!M:6M-8J.6N8M:2!.!6.M.5.6!/-!16280;:1:6!323/0!B262!/-16/0!3:0B/0:1:7/0!32!;.0;2!6.3.%!

8/!62:/!3.!2<M28M.!3.!0-2!281.82!3.!M/;-8:M2OA/H!!

! P!6.3.!.;!.01-3/!B/00-:!-;!8L!"#$%%!6.0B/80+7.<!B/6!2D6.D26!/0!323/0!D.623/0!
.;!1/32!2!6.3.H!Q0!8L0!3.!0.80/6.0!B/3.;!2<1.6826!.816.!3-20!J20.0!5+0:M20=!&'#()!#&'!/-!
*+",#-./)!#*'H!R2!J20.!&%!2!281.82!3/!8L!B/00-:!16N0!;/3/0!3.!/B.62OA/=!'0.$"1#'#$/)%2
0+3+4+$/)! .!)3#)")H!RA/!4!B/00S7.<!2!281.82! 16280;:1:6!.! 6.M.5.6!2/!;.0;/!1.;B/H!P!
J20.!*! 3.8/12!,-.!/!8L! .01+! J-8M:/8283/!M/;!2!,-281:323.!;S8:;2!3.! .,-:B2;.81/0!
<:D23/0%! ,-.! 4! B/00S7.<! 2B.820! ,-283/! /! 4566+0! 3/! ;.0;/! .01+! 72K:/H! T-283/! 0.!
3.1.6;:82!,-.!/!8L!.816.!82!J20.!*%!1.83/!-8:323.0!3.!323/0!26;2K.82320!8/!4566+0%!/!
3:0B/0:1:7/! 8A/! 4! 3.0<:D23/! 3.! :;.3:21/%! 0.83/! 8.M.00+6:/! 281.0! 16280;:1:6! 1/320! 20!

-8:323.0!3.!323/0!26;2K.82320%!214!,-.!/!4566+02.072K:.!.!/!8L!B/002!.8J:;!.81626!82!
J20.!*H!Q!8L!M/80/;.!.8.6D:2!3.!2M/63/!M/;!/!-0/!3.!0.-0!M/;B/8.81.0!.<.16U8:M/0!
820!J20.0!&!.!*H!!

! R2! J20.!&%! M/;!.VM.OA/!3/!;/3/!/B.62M:/82<!)3#)")%!/!M/80-;/!3.!.8.6D:2!4!
B6/7.8:.81.! 32! -1:<:K2OA/! 3/! 16280M.B1/6! #.,-:B2;.81/! 6.0B/80+7.<! B/6! 6.M.5.6! .!

16280;:1:6!/0!B2M/1.0!3.!323/0'%!32!-8:323.!;:M6/M/816/<23/62!.!3/!2B26.<E/!0.80/6:2<W!

8/! ;/3/! )3#)")%! /! 16280M.B1/6! 8A/! 4! -1:<:K23/H! T-283/! /! 8L! .01+! 82! J20.! *%! /!
16280M.B1/6!.!/!2B26.<E/!0.80/6:2<!.01A/!3.0<:D23/0H!X+!2:832!-;!M-01/!82!16280:OA/!3/!

8L!3.!0.80/6.0!32!J20.!*!B262!2!J20.!&%!0.83/!/!M/80-;/!3.!.8.6D:2!82!16280:OA/!.816.!&!
.!*H!

! Q!.0123/!3/!0:01.;2!B.61.8M.81.!22724!6.B6.0.8123/!B.<2!16:B<228"92492':920.83/!"22!
J20.!.;!,-.!/!8L!.01+!.;!-;!:801281.!3.!/50.672OA/%!/-!0.*2%!

323/0H16280;:1:68.;.6.M.5.6B/3.8A/8/%

323/0W16280;:1:62B.820B/3.8/%

323/0WD.626.6.M.5.6%/-16280;:1:6B/3.8/%

;*
;<
)=

" !

424!22,-281:323.!3.!323/0!26;2K.823/0!8/!4566+0H!'!4!2!,-281:323.!3.!1.;B/!,-.!/!8L!
.01+!82!J20.!=!/-!*926.B6.0.8123/!B/6!",)'"23.!1.;B/H!4!.!'!200-;.;!72</6!K.6/!,-283/!/!
8L!.01+!82!J20.!*!.!<%!6.0B.M1:72;.81.H!
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! "#!$%&'(#!)!*!#+(,-,./#0#!+#(/,!01!0%#&(#2#!0,!/(#.-%341!0,!,-/#01-!01!210,516!
",-/#! 7%&'(#8! 1-!9*(/%:,-! (,+(,-,./#2!1-! ,-/#01-!01! -%-/,2#!,! #-! -,/#-! (,+(,-,./#2!#-!
+1--;9,%-! /(#.-%3<,-! ,./(,! ,-/#01-6! "1/,! =',! .1-! ,-/#01-! (,+(,-,./#01-! .,-/#! 7%&'(#8!
12%/%'>-,! 1! /,2+1! !6!"#! ,!$#8!#! ! ?@8! )8! A8666B! %.0%:#2!=',! 1! .C! ,-/D! .#! 7#-,!"%,%$8!
(,-+,:/%9#2,./,8!:12!#!0#01-!#(2#E,.#01-!.1!#&''()8!,!*@!%.0%:#!=',!1!.C!,-/D!.#!7#-,!
*!:12!.,.F'2!0#01!#(2#E,.#01!.1!#&''()6!

!
Figura 9.2 - Diagrama de transição de estados de parte da cadeia de Markov de um nó da 

rede de sensores sem fio Gomes (2009) 

1.6.2. Modelo Markoviano com Três Estados para Atenuação de Sinal de Satélites 
para Receptores Móveis (Fontan et al., 1997) 

G!='#5%0#0,!0,!(,:,H%2,./1!0,!'2!-%.#5!0,!-#/*5%/,!0,+,.0,!H#-%:#2,./,!01!I.&'51!0,!
%.:5%.#341!01!-#/*5%/,!,2!(,5#341!#1!(,:,+/1(!,!01!J-12H(,#2,./1K!01!-%.#5!0'(#./,!-,'!
+,(:'(-1!#/*!1!(,:,+/1(6!

! "1! :#-1! 0,! (,:,+/1(,-! 2C9,%-8! #! ='#5%0#0,! 01! -%.#5! 0,+,.0,! /#2H*2! 01!
#2H%,./,!1.0,!1!(,:,+/1(!-,!,.:1./(#6!L-/,!M5/%21!7#/1(!/1(.#>-,!1!2#%-!%2+1(/#./,!+#(#!
#.D5%-,! 0#! /(#.-2%--41! .'2#! ,-:#5#! 0,! /,2+1N,-+#31! +,=',.#8! 1.0,! 1! I.&'51! 0,!
%.:5%.#341!01! -#/*5%/,! ,! 1! -12H(,#2,./1! 0,9%01! O-! :1.0%3<,-! #/21-7*(%:#-! +10,2! -,(!
:1.-%0,(#01-! :1.-/#./,-8! %2+1(/#.01! +(%.:%+#52,./,! #! +1-%341! 01! (,:,+/1(! ,2! -,'!
#2H%,./,! P+1(!,Q,2+51R!0,./(1!0,!'2! /M.,58! -1H!'2#!D(91(,!,/:6S6!",-/,!:#-18!1!-%.#5!
+10,!-,(!#.#5%-#01!+1(!'2!&(D7%:1!%.0%:#.01!1!.;9,5!0,!#/,.'#341!01!-%.#5!,2!7'.341!0#!
0%-/I.:%#! +,(:1((%0#! P#1! 51.&1! 0,! '2#! (1019%#8! +1(! ,Q,2+51S6! L2! &,(#58! 1! .;9,5! 0,!
#/,.'#341!*!2,0%01!,2!0,:%H*%-!,2!(,5#341!#!'2!.;9,5!0,!-%.#5!:1.-%0,(#01!H12!PTUV!
W!5%.,>17>-%&F/S6!

! G!$%&'(#!X6Y!21-/(#!'2!,Q,2+51!0,!-%.#5!2,0%016!
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!!

!
Figura 9.3 - Atenuação de sinal de um satélite com 40o de elevação numa área rural  

(Fontan et al., 1997) 

! "#$#! #%#&'(#$! )(*)! *'+,! -)! ('%#&! +$,+.)/()! 01! 1,-)&,! 2,1! *$3(! )(*#-,(!
2,$$)(+,%-)%-,!#!*$3(!%45)'(!-)!#*)%0#67,8!

9(*#-,!:8!;)1!#*)%0#67,!2,%('-)$<5)&!

9(*#-,!=8!>*)%0#67,!1,-)$#-#!

9(*#-,!?8!>*)%0#67,!+$,@0%-#!

)A! )1! 2#-#! +,('67,A! ,! %45)&! -)! #*)%0#67,! -,! +$,2)((,! B! 2&#(('@'2#-,! )1! 01! -)(*)(!
)(*#-,(8!

 
!

Figura 9.4 - Modelo para a atenuação de sinal de um satélite (Fontan et al., 1997) 

! C)(*)!2#(,A!+$,2)((,!#2'1#!B!5'(*,!2,1,!01#!()D03%2'#!-)!*$#%('6.)(!)%*$)!)(*)(!
)(*#-,(!,E)-)2)%-,!#!01#!2#-)'#!-)!F#$G,58!
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! !

 
Figura 9.5 – Diagrama de transição de estados da cadeia de Markov dos níveis de 

atenuação dos sinais de satélite (Fontan et al., 1997) 

! "!#$%&'()!)(*#*+(*',#!-.(!-#-.(!/.0$),)1!#!()21'$*)!3#*0'4!-)!50.6#6'&'-#-)(!5#0#!
#!,#-)'#7!

!=[89:;<= 89>?@A 898=:@
89<?;> 89=;@@ 898=<8
89<?8? 898=8> 89=@@A]!

,#&,1&#$-.!#(!50.6#6'&'-#-)(!&'3'*)!-#!,#-)'#!.6*'-#!*)3B()7!

C>D!E!89AF88!!!!! C<D!E!89<@8F!!!!! CFD!E!89>:@:!

G1)!,.00)(5.$-)3!H(!/0#IJ)(!-.!*)35.!G1)!.!0),)5*.0!0),)6)0%!13!('$#&!()3!#*)$1#IK.9!
,.3!#*)$1#IK.!3.-)0#-#!)!,.3!#*)$1#IK.!50./1$-#9!0)(5),*'L#3)$*)M!

1.7. Referências 
N)0*()O#(9!PMQMR!S('*('O&'(9!TMUM!V$*0.-1,*'.$!*.!Q0.6#6'&'*W9!"*X)$#!Y,')$*'/',9!<88<!!M!

Z'$&#0M![M!V$*0.-1,*'.$!*.!Y*.,X#(*',!Q0.,)(()(!9!Q0)$*',)B\#&&9!>@:AM!

].3)(9!YMQM!^.-)&#2)3!^#0O.L'#$#!5#0#!_*'3'4#IK'.!-)!`)-)(!-)!Y)$(.0)(!()3!a'.9!
YK.! T.(b! -.(! c#35.(9! <88@M! CVUQ[B>A:?8BSPVd>?;ADM P'(()0*#IK.! C^)(*0#-.! )3!
c.351*#IK.!"5&',#-#D!e!V$(*'*1*.!U#,'.$#&!-)!Q)(G1'(#(![(5#,'#'(9!<88@M!

a.$*#$!aMQM9!].$4#&)4!TMQM9!a)00)'0.!^MTMYM9!c#(*0.!"MfM9!N1.$.3.!YM9!g!N#5*'(*#!TMQM!
C>@@:D!c.35&)h!)$L)&.5)!*X0))B(*#*)!^#0O.L!3.-)&!6#()-!('31&#*.0!/.0!*X)!$#00.iB
6#$-!j^Y!,X#$$)&M!V$*)0$#*'.$#&!T.10$#&!.$!Y#*)&&'*)!c.331$',#*'.$!>AC>D7!>e>A!!

j')6)03#$9!\M!V$*0.-1IK.!H!Q)(G1'(#!_5)0#,'.$#&9!^,]0#i!\'&&9!<88=M!!

^.0#)(! T1$'.09!\M!"M!^.-)&#2)3!3#0O.L'#$#! -)! ,.31$',#IK.! )3! 0)-)(! -)! (#*b&'*)(M!
<88;M!CVUQ[B>A<A:BSPVd>F?<DM!P'(()0*#IK.!C^)(*0#-.!)3!c.351*#IK.!"5&',#-#D!B!
V$(*'*1*.!U#,'.$#&!-)!Q)(G1'(#(![(5#,'#'(9!<88;M!

U1$)(9! jM! ]M! UM9! c#0L#&X.9! YM! fM9! `.-0'21)(9! `M! cM! ^M! M! ^#0O.L! -),'('.$! 50.,)((!
#55&')-!*.!*X)!,.$*0.&!./!#-3'(('.$(!'$*.!)&),*'L)!X.(5'*#&(M!"0*'/','#&!V$*)&&'2)$,)!'$!
^)-','$)9!LM!?:9!5M!>A@B>:>9!<88@!

`.-0'21)(9! `M! cM! ^MR! c#0L#&X.9! YM! fM! k3! 3.-)&.! 3#0O.L'#$.! -)! -),'(K.! 5#0#! #!
.*'3'4#IK.!-)!13!('(*)3#!-)!3#$1*)$IK.!,.3!*)35.(!-)!0)5#0.!,.h'#$.(!)!/#()(!$K.!
.6()0L%L)'(M! Q)(G1'(#!_5)0#,'.$#&! CV350)((.D9!`'.! -)! T#$)'0.9! LM! <>9! $M! <9! 5M! >A@B
>:;9!<88>M!

>! <! F!

5>F!

5<<!
5><!

5<>!

5F>!

5<F!

5F<!

5>>! 5FF!
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"#$$%! &'('! )**+,-.! /0#121,+,34!(#.-+$! 5,36! 7*3,8,923,#:! )**+,;23,#:%! <#+.-:=>24%!
?@AB!


